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TO NATHAN JACOBSON ON HIS 70TH BIRTHDAY 
Let G be a simply connected, semisimple algebraic group, split over F, 
(an algebraic Chevalley group), with split maximal torus T and Weyl group W. 
In this note we consider the sum over W of Deligne-Lusztig characters of 
the finite group G(F,) associated with a single rational character p of T. This 
sum takes value 0 except at semisimple elements, where it looks like 1 W, j s,, St, ; 
here St, is the Steinberg character, s, is a C-valued class function arising from 
the W-orbit of CL, and W,, is the stabilizer of p in W. In particular, the (virtual) 
character sum is aZ-linear combination of characters of principal indecomposable 
modules, and in certain cases is itself a principal indecomposable character 
(cf. [2, 4-61). 
1. First we review some salient facts about the Deligne-Lusztig charac- 
ters (see [3, 7]), assuming only that G is a reductive group defined over F, 
with corresponding endomorphism o and finite fixed-point group G, (cf. [I]). 
Let co = (-l)F~-rank(G). If T is a o-stable maximal torus of G, denote by 
W(T) its Weyl group. To each character 0 E Hom(T, , C*) corresponds a 
(virtual) character Rg,* of G, , for which l ~q-R~,,(l) equals the $-part of 
1 G, I// T, 1. For 0 in “general position” this is an irreducible character of G,, . 
Every irreducible character of G, occurs as a constituent of some R$,, . 
Denote by St, the Steinberg character of G, , whose value is 0 except at a 
semisimple element s, where the value is nonzero: cGeZ times the p-part of 
1 2, /, where 2 = Z(s)” is the identity component of the centralizer of s in G. 
(4 E~Q.R~,~ St, is the character of G, induced from the character 0 
of T,, . (See [3, Proposition 7.31.) 
(B) St, = C(r) (E&J W(T),, I) RF,l, where the sum is over the G,- 
conjugacy classes of a-stable maximal tori of G. (See [3, 7.14.21.) 
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If u E G, is unipotent, define QTC;(u) = R~,~(u) = R;,~(u). This Green’s 
function is integer valued and depends only on the G,-classes to which T 
and u belong. 
(C) If s, u E G, are (respectively) semisimple and unipotent elements 
which commute, then 
R*( )=,;J TGBSU ~ ,; Qf--l~z(u) @sx -l>, (I 
x+TxCZ 
where 2 = Z(s)“. (See [3, Theorem 4.21.) 
2. Next we specialize our notation somewhat. We take G to be a simply 
connected, semisimple group, split over F, , so u is just the qth power Frobenius 
endomorphism, G, = G(F,J. Fix a maximal torus T split over F, , so W(T) = 
W(T),, is the Weyl group W of G. For each w E W, “twist” T by w (as in [9, 
10, I]) to obtain a u-stable maximal torus T, (T1 = T). Two such tori are 
Go-conjugate precisely when the corresponding elements w are W-conjugate. 
Moreover, W(T,), may be identified with the subgroup Z,(w) of W. 
Now fix a rational character TV E X(T) and choose an embedding of the 
algebraic closure of F, into C* (cf. [l, Sect. 51). By composition, p yields 
0 = nU E Hom(T, C*), hence (by twisting) a character 19~ of the finite torus 
(T,), . For brevity, write xw = cCeT,RF B lo* w (a virtual character of positive 
degree). Note that, as a formal consequence of an identity of Solomon [8, for- 
mula (5)], or as a consequence of (B) above, we have xmEw ~~(1) = / W 1 St,( 1). 
We want to show that C xw is in fact the product of St, and a W-orbit sum. 
More precisely, define sU as in [l, Sect. 51 to be the complex-valued class 
function on semisimple classes of G, gotten by applying the W-orbit sum 
of 7rU to a conjugate of a given semisimple element lying in T. (This is un- 
ambiguous, since each semisimple element of G, is conjugate just to the elements 
of T in some W-orbit.) Denote by W,, the stabilizer of p in W. 
THEOREM. With notation as above, CwGw xu7 vanishes except at semisimple 
elements of Go , where it coincides with ( W,, 1 s, St, . In particular, C xw is a 
Z-linear combination of principal indecomposable characters of G, . 
(There is also a related formula for the alternating sum of the xw , as pointed 
out by B. Srinivasan; cf. [3, Proposition 7.121.) 
For the proof we consider separately the value of the sum at eIements of 
G, which are semisimple, unipotent, or neither. 
(a) By (A) above, xw St, is an induced character 02. In turn, it follows 
from [l, Theorem 2 and (5.1)] that xwEW 02 = / W, 1 s+, StG2. Dividing by 
St, (which is nonzero on semisimple elements) yields the assertion of the 
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theorem. (Alternatively, one could give a direct argument based on the character 
formula [3, Corollary 7.21. But we want to emphasize the connection with 
Ballard’s work, which grew out of [lo].) 
(b) Now let u # 1 be a unipotent element of G, . Since W(T,), = Z,(w) 
in our situation, and since RFV,,(u) = RF ,0 (u), (B) above can be rewritten 
as St&) = U/l WI> ILw w-,,,R$~,~ (4 = (“ii” W I) Lw x&4. But St,(u) = 0, 
so the theorem follows in this case. 
(c) Consider an element of G, whose Jordan decomposition is SU, with 
both s and u different from 1. Set 2 = Z(s)’ (=2(s), since G is simply con- 
nected). We have to apply the character formula (C), according to which 
CwEw x,(su) is equal to 
The idea is now to use (B) applied to the reductive group 2 (in place of G), 
by factoring out of (*) the alternating sum of Green’s functions for 2. With 
its induced u-structure, 2 has a u-stable maximal torus in a a-stable Bore1 
subgroup (unique up to Z,,-conjugacy). This torus may be assumed to be 
one of the T, . For notational convenience, we will assume it is T; then the 
Weyl group W = (W’), of 2 is a subgroup of W. (The general case is similar.} 
If w E w’ we have T, C Z, with relevant subgroups of W shown in Fig. 1. 
Here c counts the various T,,,, figuring in (*), with w1 W-conjugate to w, while 
b counts those Tw, included m Z (wr W-conjugate to w). 
&+> 
FIGURE 1 
We need to count the number of times the value Q;,(u) occurs in (*), keeping 
in mind that tori in Z may be conjugate under G, without being conjugate 
under Z,, , and also keeping in mind that even when w lies outside W’, x-IT& 
may lie in Z. Our claim is that the value Qgw(u) occurs b[W : W’] ) Z, ) times. 
To see this, note that the number of x E G, for which x-lT,x lies in 2 and 
is Z,-conjugate to T, is clearly d 1 Z, 1, since d = [NG( T,), : N,(T,),]. 
Similarly, if w, E W is conjugate to w, the number of x E G,, for which &Twlx 
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lies in 2 and is Z,-conjugate to T, is the same. So we get a total of cd 1 2, j 
occurrences of the value Qfw(u) in (*). But cd = ab = 6[W : W’]. 
Next we divide these occurrences of Q;,(U) among the b W’-conjugates 
of w. Rewritten as a sum over IV’, (*) now involves equal numbers of occurrences 
>of the quantity E~,Q$,(u) for all w E w’. (Note that the only values of O,(xsx-l) 
occurring are those gotten by applying 0 to the W-orbit in T of (any) conjugate 
of s lying in T. These values will occur equally often for each Z-class of 
tori T, .) As a result, we can write (*) with a factor equal to CwEwr E~,QF~(u). 
But since u # 1, this sum vanishes thanks to (B). 
3. Modular characters of the form s, St, appear as building blocks 
when one calculates directly the characters of principal indecomposable modules 
for G, , cf. [2, 4-61. For example, when Q = p is prime and p lies in the lowest 
alcove for the afhne Weyl group (relative to p), with W, = 1, s, St, is itself 
a principal indecomposable character; so our theorem expresses it as a sum 
of (usually) 1 W 1 ordinary irreducible characters. More generally, in the low- 
rank cases for which the principal indecomposable modules have been well 
studied, the theorem makes it easy to decompose the characters of those in 
sufficiently general position. But the full comparison of ordinary and modular 
characters remains rather delicate, cf. the discussion of Sp(4, 5) in [5]. 
ACKNOWLEDGMENTS 
It is a pleasure to dedicate this article to my teacher Professor Nathan Jacobson, who 
in a course on representations of finite groups and associative algebras first introduced 
me to the intricacies of modular representation theory. I also wish to thank Bhama 
Srinivasan for some very helpful suggestions. 
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